1. Introduction. 1.1. Problem. In this paper we study the asymptotic behaviour of small solutions of the stationary problem of the three-dimensional Navier-Stokes equations:
-A w + (w • V)w + Vq = f, V-w = 0 for x € w = g for x E <90, where Uoo is a nonzero constant three-dimensional row vector and Q is an exterior domain in IK3 with smooth boundary <9f2. Also, we discuss the stability property of the solutions of (SP) with respect to small L3-perturbation.
To be more precise, let us consider the nonstationary problem :
vt We shall prove the existence and asymptotic behaviour globally in time of solutions of (P) when |uoo| and the L3-norm of b are very small. The notation in (SP) and (NS) is the usual one of vector analysis explained below more precisely in the paragraph of notation. Three-dimensional row vectors of functions are denoted with bold-face letters, for example, w = w(x) = T(wi(a:), w2{x),wz(x)) where TM means the transposed M. The solution w(x) of (SP) can be interpreted as the velocity field of a steady motion of an incompressible fluid in position x -{x\,x%, £3) € with an external force f = f(ar) and a prescribed velocity field g = g(x) at the boundary dil , and the scalar function q = q(:c) is then the associated pressure, where we adopt a coordinate frame fixed to a moving rigid body O which is identified with a bounded domain in R3 in the viscous incompressible fluid that occupies the region ft = K3 -6. The solutions v = v{t,x) -T(vi(t,x),v2(t,x),v3(t,x)) and p = p(i,:r), a scalar function, of (NS) also can be interpreted as the velocity field and its associated pressure of the time-dependent motion of a viscous incompressible fluid in position x £ at time t > 0 with an initial velocity field a = a(x) as well as the same external force f -f(x) and prescribed velocity g = g(x) at dfi as in (SP).
It is well known that without smallness assumptions, present day analysis yields only a locally in time unique solution of (NS) in the three-dimensional case, while Leray [33] and Hopf [26] proved the existence of square-integrable weak solutions for arbitrary square-integrable initial velocity, whose uniqueness is still unknown. The first general study of (SP) for arbitrary prescribed data is due to Leray [32] . He proved the existence of smooth solutions of (SP) with a finite Dirichlet integral. But, the solutions obtained by Leray did not provide much qualitative information about the solutions. In particular, nothing was proven about the asymptotic structure of the wake behind the body O. Finn [12] to [16] has studied (SP) within the class of solutions, termed by him physically reasonable, which tend to a limit at infinity like \x\~l^2~e for some e > 0. For small data he proved both existence and uniqueness within this class. In fact, his solutions satisfy the following estimate :
|w(x) -UqcI ^ C |a:|_1 as |s| -> 00 and Vw 6 £3(0)
where C is a constant. Furthermore, his solutions exhibit paraboloidal wake region behind the body O.
Finn has conjectured [17] that for sufficiently small data, physically reasonable solutions are attainable. Namely, the problem is to find a solution u(t, x) of (P) such that u(t,x) -* 0, that is, v(t,x) -w(x) -> 0 as t -> 00. This is called a stability problem.
The stability problem was first solved by Hey wood [23, 24] in the L2 framework. Roughly speaking, he proved that if the L2-norm of b(x) is very small and if C < 1/2, C being the constant in (PR) above, then there exists a unique solution u(i, x) of (P) satisfying the convergence property :
/ |V(u(t, x) -w(x))|2 dx -> 0 and / ju(£, x) -w(x)|2 dx -+ 0 J\xx\iR as t -> oc where R is any positive number. His result was sharpened, in particular with respect to the rate of the convergence, by Masuda [35] , Heywood himself [25] , Miyakawa [36] , and Maremonti [34] (cf. further references cited therein). But, as Finn showed in [14] , if w(x) is a physically reasonable solution and if the force exerted to the body O by the flow does not vanish, then w(x) -Uoo is not square-integrable over Q. Therefore, it seems reasonable to seek a solution of the problem (P) in a class of functions that are not square-integrable over fl for each time t > 0.
In this direction, Kato [29] solved the problem (NS) in the Ln-framework when il = Rn (n ^ 2), Uoo = 0 and the L"-norm of a is very small. He employed various Lp-norms and Lp-Lq estimates for the semigroup generated by the Stokes operator. Iwashita [28] extended Kato's result to the case that Q ^ M™ (n ^ 3), = 0 and that the Ln-norm of a is also very small. The main point of Iwashita's work was to obtain Lp-Lq estimates of the semigroup generated by the Stokes operator in Q with zero Dirichlet boundary condition. Since the zero vector 0 is a trivial solution to (SP) when Uoo = 0, expressing the Kato and Iwashita results in other words, we can say that the trivial solution is stable by the small L"-perturbation.
Recently, when Uoo = 0 and (lei" (n ^ 3), Borchers and Miyakawa [5] and Kozono and Yamazaki [31] proved the stability of nontrivial physically reasonable solutions by the small weak L"-perturbation.
Namely, they proved that if the Ln weak norm of b is very small, then (NS) admits a unique solution v(t,x) that converges to w(x) in the Ln weak space with a suitable rate with respect to t as t -> oo. Since the physically reasonable solutions of (SP) belong to the Ln weak space when = 0 (cf. (PR)), the stability problem was, therefore, settled in the case where = 0 and n ^ 3.
On the other hand, the case where Uoo ^ 0 has been studied relatively seldom compared with the case where = 0 (cf. except for papers cited above, Oseen [38] , Babenko [1] , Bemelman [2] , Faxen [11], Farwig [8, 9] , Galdi [19] ). In particular, the stability has been proved only in the L2-framework. This paper is devoted to the study of the stability problem of physically reasonable solutions with respect to small L:j-perturbat;ion in the three-dimensional exterior domain when is a nonzero constant vector. In fact, since w(.t) -belongs to Z/3-space when 7^ 0, which will be proved in Theorem 1.1 below, the stability theorem with respect to the La-perturbation is meaningful. As a corollary of our stability theorem, we also prove a unique existence theorem of small strong solutions of (NS) in the L3-framework when f = g = 0 and / 0, which is an extension of the Kato and Iwashita results to the case where ^ 0. Moreover, we shall prove that our solutions tend to Kato and Iwashita solutions when -4 0 even in the Loo-space.
1.2. Notation. To state main results, first we outline at this point our notation. The dot • denotes the usual inner product of three-dimensional row vectors. (a,j) means the 3x3 matrix whose ith column and jth row component is a1?. As usual, the subscript t means partial differentiation with respect to t, and moreover we put dt = d/dt, dj = d/dxj, A = d\ + d% + d%, the set of all X-valued bounded continuous functions on I and C(I,X) the set of all X valued continuous functions on I. Finally, e^c"-Uoo')t -TUao(t) denotes the analytic semigroup on Jp(f2) generated by O(uoo), the existence of which is proved by Miyakawa [36] .
1.3. Main results. Now, we shall state our main results. We start with an existence theorem of small solutions to (SP). [37] in the compressible viscous fluid case. From works due to Finn [12] to [16] and Farwig [8, 9] Now, we shall state our stability theorem, that is, the existence of solutions of (P) globally in time. According to the approach due to Kato [29] , instead of (P), we consider the integral equation.
Namely, in view of (1.1), if we write (w • V)u = (uqo • V)u + ((w -Uoo)) • Vu in (P) and if we apply the projection P to the resulting formula, the first formula in (P) is reduced to
where
Then, applying Duhamel's principle to (1.6), we have the integral equation
Instead of (P), we shall solve (1.9). Theorem 1.4. Let 3 < p < 00 and let <5 and /3 be the same as in Theorem 1.1. In addition, we assume that 0 < 6 < min(l/6,4/p). Let f € Loo(fi), g G W^d(dfl) and b(a:) e J3(f2). Then, there exists an e > 0, 0 < e ^ 1, depending only on p, f3, and 6 essentially such that if 0 < |uoo| ^ e, « f 3>2« +||g||p,2 ^ 6 luool'3"1"'5 and ||b||3 ^ e, then the problem (1.9) admits a unique solution u € B{[0, 00), JT3(S7)) possessing the following properties:
Here and hereafter, we put
Moreover, we have the relations:
Cq (e + e1/2+/3) , 3 < q < oo, ||u(<,Olloo ±Cm(e + (rV + t-Ci-3/am)) , f or any t > 0 where m is a number such that 3 < m < p. Finally, we consider the convergence of solutions of (NS) as |uoo| -» 0 in the case that f(x) = g(a;). Theorem 1.5. Let us consider the problem (NS) in the case that f(a;) = g(x) = 0. Let 0 < P < 1 and let a(x) = + b(x) be an initial velocity. Then, there exists an e, 0 < e ^ 1, depending on 3 but independent of and b such that if |uoo| ^ e, b € 13(0) and ||b||3 ^ e, then (NS) admits a unique solution vu^ (t, x) with suitable pressure part Puoc(*,a:) such that u(t,x) = vUoo(t,x) -Uoo S S([0,00), Jf3(f2)) and (1.10), (1.11) and (1.14) hold for the present u with suitable constants Cq and Cm independent of e, 3 and Moreover, we have the following convergence property:
llvuoo^,-) -Uoo -V0(t,-)llg ^ Cq (t~^q) + *3/2<z) (Uoo^ 3 g V<? < 00,
for any t > 0 where m is a constant > 3.
2. Preparation for the latter sections.
In this section, we shall discuss some basic facts which will be used in the latter sections. Throughout this section, D denotes a bounded domain in R3 with smooth boundary dD. We start with a proposition concerning inequalities of Poincare's type and an extension of functions. Then, PG G £(Wpm(G), Wpm(G) n JP(G)).
Proof. See Giga and Miyakawa [21] for G = D and Giga and Sohr [22] for G = Q.
We shall quote a Cattabriga theorem of a unique existence of solutions to the following equation: Proof. See Cattabriga [6] , Galdi and Simader [20] , and Farwig and Sohr [10] .
Finally, we shall discuss a unique existence of solutions to the following equation:
with a side condition: provided that
which implies that (I + Suoc)_1 is continuous with respect to e R3. Then it follows easily that for any compact set K C R3 there exists a constant C\-> 0 such that
If we set LUooi£> = M(I + 5Uoo)_1 and Iu<x,d = n\(I + SUoo)~l, then we see easily that
LUoo.d and [Uoo,d satisfy the required property, except for (2.10) with k = 1. But, since
the estimate (2.10) with k = 1 also follows immediately from (2.10) with n = 0. This completes the proof of the proposition.
Lp solutions of the Oseen equation.
In this section, we shall discuss Lp solutions of the following equation:
(3.1)
The goal of this section is to prove the following theorem. 
where sUoo(x) is the same as in Theorem 1.1.
Lemma 3.2. Assume that Uoo ^ 0 and let Xjfc(uoo), and a be the same as in (3.5). Then, for any i5: 0 ^ 6 ^ 1 there exists Cs > 0 independent of such that
(^Su^W) '5 Proof. See Oseen [38] , Galdi [19, VII.3] , and also Kobayashi and Shibata [30] .
Lemma 3.3. Let 3 < p < oo and <7o > 0. Assume that |uoo| ^ ctq. Put
where the asterisk * stands for the convolution. If f e Lp(R3) n Li(M3), then x(Uoo) * f € W2(R3) and 7r * f G Wp(K3); moreover, Ix(Uoo) * f|p,2 + |tt * f|p,i ^ Cp,ao(\f\p + |f|i), (3.9) llx(Uoo) * f -X«o) * f||p,2,B4 ^ Cp.ilUoo -u^|1/2 (|f|p + |f|i). where Cv is a constant independent of M, and u and u denote the Fourier transforms of u.
Since y>°°(£) -0 for |£| g 1, by Proposition 3.4 we see easily that \dl Xjk{uoo) * f\p + IXjfc(Uoo) * f\p,2 + \lTj * /|p,l ^ CM\f\p, Ix^fc(uoo) * / ~ Xjk(U'oo) * f\p,2 S CM |Uoo -llJJ l/lp.
In order to handle with Xj% anc^ ' we nee(^ the following lemma.
Lemma 3.5. Let Xjfc(uco) and sUoo be the same as in (3.11) and (1.4), respectively. Then, we have the following relations:
where we have put so(a;) = |cc|. J l€l^2
Combining (3.12), (3.16) and (3.17), we have Lemma 3.3.
A proof of Lemma 3.5. We shall prove only (3.14) in the case that ^ 0, because other assertions will also be proved in a similar manner. Since X°fc(uoo) -Xjfc(uoo) * <P°a for 0 < q < 3, we have (3.14). Let 3 < p < oo, II;, f denote the restriction of f to ftb and set fo(x) = f (x) for x € ft and fo(x) = 0 for x ^ ft. Assume that (f, /) e K.p(ft). A parametrix will be constructed by a compact perturbation of the operators i?0(u^) and p(uoc) defined as follows: 
Note that SUoo(f,/) £ Wx(n) and that supp SUoo(f,f) C A>-i, and hence if we put i7Uoo(f, /) = (5Uoo(f,/),0), then is a compact operator from /Cp(f2) into itself. Our task is to show the existence of the inverse operator (I + JUoo )_1 of I + JUoa ■ In order to do this, the following lemma is a key. In particular, Ri (uoo)(f, 0) = 0 in 0, because supp Vy? C 1 C flb-Then, combining (3.25) to (3.27), we see easily that x(uoo) * fo = 0 and n * fo = 0 in f2, and hence f = 0, which completes the proof of the lemma. by Lemma 3.7 and the compactness of K we have the lemma immediately, so that the proof is completed.
By (3.19) , (3.21) and Lemmas 3.6 and 3.8, we see that when f € LPib(f2) and g € Wpd(<9fi), the problem (3.1) admits a unique solution u and p of the form
which satisfy the estimate ||u||p,2 + ||p||p,i ^ Cp(||f||p + ||g||p,2)• (3.29)
In (3.29), the constant Cp depends on K but is independent of 6 K whenever K is any compact set in M3. If we put u = v + w and p = q + t, then combining (3.31), (3.32), (3.33), (3.37), and (3.38), we see that u and p solve (3.1) uniquely and satisfy (3.2), which completes the proof of Theorem 3.1.
4. On an existence theorem of solutions to a stationary problem; A proof of Theorem 1.1. In this section we shall prove Thoerem 1.1 by the usual contraction mapping principle. To this end, the following theorem is the key of our argument. In order to show that (4.8) and (4.9) also hold for x(uoo) * f0, we use the following lemma. Obviously, applying Lemma 4.3 to x(uoo) * fo, and combining the resulting estimate and (4.12) implies (4.8) and (4.9), and hence we can complete the proof of Theorem 4.1. Therefore, we shall prove Lemma 4.3, below. Although Farwig [8, 9] proved Lemma 4.3 essentially by refining the argument due to Finn [12] , in order to make the paper self-contained as much as possible, we shall give a proof of Lemma 4.3. Our argument is a little bit different from the argument due to Finn and Farwig and by Kobayashi and Shibata [30] when ^ 0. The assertions (2) and (4) will be proved in the appendix below. When = 0 and p = 6, (2) was already proved by Chen [7] . (4) is well known as a property of the analytic semigroup, but the point is that the constant Cp,9iCT0 is independent of Uoo provided that | g <r0.
To handle with the linear perturbation term P[£[w]z] in (1.9), we will use the following generalized Poincare's inequality. Now, we shall give estimations of the right-hand side of (1.9). For notational simplicity, we introduce the following symbol:
[Mht = bko.f + N3,i/2,f + Hp,n(p),t 3 ^ p < 00. Proof. To prove (5.6), let us put a = 8 + 1/6, 7 = 38/4 and e = 1/(1 + 7). Since 0 < 8 < 1/6 and p6 < 4, we have 0 < 38e < 1, 0 < a < 1/3, 7 < 3/p, 0 < e < 1, (1 + 8)e > 1. and hence by Theorem 5.1
which implies (5.7). This completes the proof of the lemma. Under these preparations, by the contraction mapping principle we shall solve (1.9). Below, p, (3 and 6 are constants given in Theorem 1.4, that is, p>3, 0<«5</3<l -6 and 0 < 6 < min(l/6,4/p) and all the constants will depend on p, b and 6, but for simplicity we will omit to write this dependence. By Theorem 5. Note that C$ is independent of Uoo. According to (1.9), we put uo(i) = TUao(t)b and Q(z)(t) = uo(it) -Lw(z)(t) -N(z,z)(t), where we have used the symbols defined in Lemma 5.6. To solve (1.9) by the contraction mapping principle, we introduce the invariant space X as follows: for some M2 independent of provided that zi, z2 € X and |uoo| 5= e. If we choose e > 0 so small that M2(e^ + 2/i) ^ 1/2, (A. 6) we see that Q is a contraction, and hence Q has a unique fixed point z 6 X, from which Theorem 1.4 follows except for (1.14). Now, we shall show (1.14) for any q. Since we have already proved (1.14) for q = 3 and q -p, by the interpolation we see that (1.14) holds for 3 ^ q ^ p. Therefore, we (5.20) may assume that p < q < oo. Let 7 > 0 be the same as in (5.8) and put r = 3/(2 + 7). Note that 1 < r < 3/2. By (5.9) to (5.12) and (5.14) we know that Finally, we shall show (1.14) for q = 00. Since we do not know the L^-Lp estimate of TUoo (t) for small t > 0, we have to use the Sobolev's imbedding theorem and (4) of Theorem 5.1 to estimate TUoo(t) for small t > 0, so that let to be a fixed number such that 3 < m < p. We shall always use the relation ||i>||oo = CmlM|m,i in our treatment for small t > 0, below. Keeping this in mind, by (2) and (4) Appendix. L^-Lp decay estimate of TUoo(t). In this appendix we shall show (2) and (4) 
